The minimum number of triple points of a substantial generic immersion of a projection plane in a lens space of type (2k , q) depends quadratically on k .
Introduction
(1.1) History. In [1] , Bredon and Wood give a lower bound for the genus of a nonorientable surface embedded in a lens space of type (2k, q). This bound is bounded below by a linear function of zc. In [3] , the present author and Ki Hyoung Ko gave an example of an immersed projective plane in L(4,1) that represents a 2-dimensional modulo 2 homology class. This example was important to the proof of triple point formulas.
During a seminar in which the author presented the results of [3] , John Wood asked if the minimal number of triple points of an immersed projective plane in a (2zc, q)-lens space would grow as a function of zc. He and the author constructed some examples that suggested this function is at least quadratic. Indeed this is the case: Theorem 2.6 and Theorem 3.1.
The key steps of section 2 were indicated to the author in a brief conversation with Peter Scott.
(1.2) Organization. Section 2 contains results on lifting maps of projective planes into lens spaces up to maps into real projective 3-space. Information on the intersection sets is contained in the intersection of various lifts. Theorem 2.6 gives a lower bound on the number of triple points. Section 3 contains results on when the lower bound can be achieved. Many examples are given here.
The chief result is the following: (1.3) Theorem. A general position immersion f: P -> L(2k,q) such that ft ^ 0 on H2(-;Z/2) has at least \{k3)(l/k)} triple points where ¡x] isKnuth's ceiling function defined by \x~\ = -greatest integer (-x).
Lifting substantial maps of the projective plane
A map /: X -> Y from a closed surface I toa 3-manifold Y will be said to be substantial if f : H2(X;Z/2) -► H2(Y;Z/2) is a non-trivial homomorphism. Equivalently, the image of the fundamental homology class is non-trivial.
(2.1) Lemma. If f: P -» L(2k,q) is a substantial map, then the induced homomorphism, nx(f), on the fundamental group is a monomorphism.
Proof. If nx(f) is trivial, then the map / lifts to a map of P into S which is the universal cover of L(2k ,q). This contradicts substantiality.
(2.2) Lemma. Suppose that f : P -* L(2k, q) is substantial. Then there is a lift f : P -* RP to the k-fold covering of L(2k ,q). Any such lift is substantial.
Proof. Let p : RP -► L(2k,q) denote the covering projection. Then the images of nx(f) and nx(p) coincide. Thus a lift exists by the results in [4] . Since pf = f and / is substantial, any lift, / of /, is also substantial.
Consider the pull back,
of the principal Z/k fibration p : RP -► L(2zc, q). Proof. It remains to be shown that p(x) is a triple point of /. Since x G zi,m,n ' then x = f¡(ax) = fm(a2) = fn(a3) for ax, a2, and a3 distinct; this follows by the uniqueness of lifts theorem [4] . Then p(x) -f(ax) = f(a2) = f(a3) for distinct points ax, a2, and a3. Thus p(x) is a triple point.
The group Z/k cyclically permutes the lifts /,,..., fk of the substantial map /. Thus Z/k acts on the intersection sets Z¡ m n . This latter action is given by 2) The action of Z/k. The easiest way to visualize the action of Z/k on RP that yields L(2k,q) as quotient is to consider RP as a lens space of type (2zc, kq). That is, to a solid torus zc solid 2-handles are attached each along a (2,q) torus curve on the boundary. The boundary of the result is the union of k disjoint 2-spheres. Solid 3-handles are attached along these. Then the group Z/k acts by cyclically permuting the 2 and 3 handles among themselves. The solid torus is rotated longitudinally through an angle of 2n/k . Henceforth, the notations L(2k,kq) and RP will both be used to denote the real projective 3-space.
(3.
3) The caduceus. In L(2k,kq) cut the solid torus piece along a meridonal disk. Then the attaching spheres for the 2-handles form caduceus-like or barber pole-like curves winding from top to bottom. If each attaching region is labeled with an integer in {1,2.k}, then 2zc curves result on S x I that are paired antipodally. In any meridonal disk join pairs of antipodal points by a diameter of the disk. Each arc (or snake) of the caduceus winds q half turns meridonally as the arc moves from bottom to top. Thus the union of a pair of antipodal arcs and the diameter joining them forms an embedded disk in D x I. On any one of these disks the top and bottom diameters are identified in an orientation reversing pattern. An embedded Möbius band results. The immersion / has an arc of zc-tuple points. Unless k = 2, this immersion is not in general position. In most meridonal disks of the solid torus the diameters are to be jostled into general position. Those disks in which the diameters are not generic will have the property that at most three arcs are coincident; the "nongeneric" disks form a finite set. To see the general position version of /, consider the intersection pattern of curves on d (D x I) that is given by /. This is depicted in Figure 3 .5.1 for zc = 2, q = 1 and in Figure   3 .5.2 for k = 4, q = 3. In the polar regions the diameters have been put into general position in the following way. Each diameter is labeled with an integer in the set {1,2, ... , zc} . These labels are given in order at one end of the arcs. This determines an orientation for the arc. Then for each labeled arc, the remaining arcs intersect in order. Thus on the 1 st diameter the remaining diameters intersect in the order {2,3, ... , k}, on the second the intersection sequence is {1,3,4,_, A:} and so forth. This completes the proof.
Unfortunately, this immersion is not always equivariant. Moreover, the only uniform method for finding an equivariant, general position version of this is to construct examples in the quotient space. Figure 3 .7.1. P2 -» ¿(12 ,5) with 6 triple points (3. 7) The case 3 divides zc. If zc = 3/ for some integer /, then there is an exceptional orbit of the action of Z/k on {(*)}. A correspondence between the set {(*)} and the intersection sets Z,,m,n = if(Pf) n f(P2J n f(P2) : 11 m ¿ n ¿ 1} has been given. An intersection set with non-zero stabilizer has zc/3 = / sets in its orbit. Thus the immersion / constructed in Lemma 3.6 cannot be equivariant, for Z/k should act freely on the collection of triple points.
In Figure 3 .7.1 an example, due to the referee, is illustrated. This yields an immersed P -> 1(12,5) with 6 triple points. The value 6 is greater than the lower bound given by ( 1.4) and is much better than the upper bound in Theorem 3.8. Improvements can be made as in Figures 3.9.1, 3 .9.2, and 3.7.1. So far the techniques to make these improvements have been ad hoc. 
